We study extremal static dyonic black holes in four-dimensional Einstein-MaxwellDilaton theory, for general values of the constant a in the exponential coupling e aφ of the dilaton to the Maxwell kinetic term. Explicit solutions are known only for a = 0, a = 1 and a = √ 3, and for general a when the electric and magnetic charges Q and P are equal.
Introduction
The Einstein-Maxwell-Dilaton (EMD) theory in four dimensions, and its black hole solutions, have been investigated extensively in the last few decades. The theory is a generalization of Einstein-Maxwell theory in which a real dilatonic scalar field φ is included, coupling not only to gravity but also, via a non-minimal term, to the Maxwell field. The Lagrangian is given by
For certain specific values of the dilaton coupling constant a, the EMD theory corresponds to particular truncations of four-dimensional maximal N = 8 supergravity, and for this reason much attention has been focused on these cases because of their relevance in string theory. In fact, these special cases all fall within the consistent truncation of the N = 8 theory to N = 2 STU supergravity [1] , which comprises pure N = 2 supergravity coupled to three vector multiplets. The further truncations to special cases of the EMD theory arise by setting some of the STU supergravity fields, or combinations of fields, to zero. The various truncations lead to an EMD theory with a taking one of the values a = 0,
, 1 or √ 3 [2] [3] [4] . The case of a = 0 can also be reduced to pure Einstein-Maxwell theory, since the dilaton can be consistently truncated in this case. When a = √ 3 the EMD theory also corresponds to the Kaluza-Klein reduction of five-dimensional pure gravity. Because of the enhanced Cremer-Julia like symmetries [5] [6] [7] [8] of the dimensional reduction of the supergravity theories, in these four special cases among the general EMD theories, one can use solution-generating techniques to construct charged black hole solutions from neutral ones.
Static non-extremal black holes in the general four-dimensional EMD theory were constructed in [9, 10] . Explicit solutions are obtainable for all values of the dilaton coupling in the case where the black hole carries purely electric or purely magnetic charge. Dyonic black holes, carrying both electric and magnetic charge, can be constructed explicitly in the three cases a = 0, a = 1 and a = √ 3. When a = 0 this is rather trivial, since there then exists a duality symmetry of the equations of motion, allowing a purely electric or purely magnetic Reissner-Nordström (RN) black hole to be transformed into a dyonic one.
Rotating black holes have also been studied in the EMD theory. In particular, the dyonic rotating solutions in the a = √ 3 EMD theory were constructed by Rasheed in [11] (see also [12] ).
In this paper we shall focus our attention on static black hole solutions in the EMD theories; in particular on the dyonically-charged black holes. As mentioned above, these can be constructed explicitly when a = 0, 1 or √ 3, but no explicit solutions are known for other values of the dilaton coupling, except when the electric and magnetic charges are equal, in which case the dilaton is constant and the solution reduces to a dyonic Reissner-Nordström black hole. We shall therefore use various approximation and numerical techniques in order to investigate the nature of the dyonic black hole solutions for general values of a. We shall, furthermore, restrict our attention to the case of extremal dyonic black holes.
In the extremal limit, the mass of a black hole is no longer specifiable independently, but rather, it is a definite function of the electric and magnetic charges. For the three special cases mentioned above, where explicit solutions are known, the mass M is given in terms of the electric charge Q and magnetic charge P by the relations
Based on these expressions, and also the known mass-charge relations of extremal singlecharge or equal-charge solutions, Rasheed [11] conjectured a possible formula for the mass as a function of Q and P for dyonic extremal black holes for general values of the dilaton coupling constant a, namely
The approximate solutions that we are able to construct for general values of the dilaton coupling allow us to test the validity of this conjecture, and in fact, we are able to establish that it does not hold. However, we are able to obtain an approximate relation, valid in the regime when Q and P are close to one another, but we have not found a simple closed-form relation for M = M (Q, P ) that is valid for general values of the dilaton coupling a.
The other purpose of this paper is to study a thermodynamic property of black holes known as entropy super-additivity or sub-additivity. Gravitating systems, and black holes especially, have thermodynamic properties that are rather different from those of more conventional laboratory systems. This is related to the the long-range nature of the gravitational field, and the fact that it cannot be screened. In particular, the entropy does not scale homogeneously with the mass of the black hole. Unlike in more conventional thermodynamic systems, the entropy of a black hole is not a concave function of the other extensive variables. A property that does hold, however, in many black hole solutions, is that the entropy is a super-additive function. That is, if one considers black hole solutions with mass M , angular momentum J, charges Q i , and entropy S = S(M, J, Q i ), then for two such sets of parameters (M 1 , J 1 , Q i 1 ) and (M 2 , J 2 , Q i 2 ), entropy super-additivity asserts that
(with all angular momenta and charges taken, without loss of generality, to be non-negative).
This property was observed for Kerr-Newman black holes in [13] , and was recently explored for a variety of black holes in [14] . Situations where entropy super-additivity is not satisfied seem to be rather rare, and just one example was exhibited in [14] , namely the dyonic black hole in a = √ 3 EMD theory. Since entropy super-additivity holds for the other explicitly known examples of dyonic EMD black holes (i.e. for a = 0 and a = 1), it is therefore of considerable interest to investigate this question for the case of general dilaton coupling a.
The paper is organized as follows: In section 2 we obtain the equations of motion for the various functions in the ansatz for static dyonic solutions, including the equation relating the metric functions in the case of extremal solutions. In section 3 we discuss the known explicit static solutions, including purely electric and purely magnetic black holes for all values of the dilaton coupling a, and the dyonic black hole solutions for the special cases a = 0, a = 1 and a = √ 3. In section 4 we present our construction of extremal dyonic solutions for general dilaton coupling a, as power series expansions in the parameter = a −1 log(Q/P ), by perturbing around the exactly-solvable case where Q = P . We then use these solutions to investigate candidate formulae giving the mass in terms of the electric and magnetic charges of the extremal black holes. We also test the mass formulae in the regime far away from Q ∼ P , by constructing numerical solutions for the dyonic black holes. In section 5 we examine the conditions under which entropy super-additivity holds, showing that counterexamples can arise when a is sufficiently large. Finally, after conclusions in section 6, we
give some further details of our series expansion results in appendix A, and our numerical procedures in appendix B.
The theory and equations of motion
In this section, we study the EMD theory (1.1), focusing on constructing spherically symmetric black hole solutions. It is sometimes convenient to express the dilaton coupling constant a as [4] 
When N = 1, 2, 3 or 4, corresponding to a = √ 3, 1,
or 0, the theory can be consistently embedded in a supergravity theory, with N denoting the number of basic stringy building blocks in string or M-theory [4] . The equations of motion are
We shall consider static, spherically-symmetric solutions. The most general ansatz with both electric and magnetic charges is
where p is a constant, associated with the magnetic charge. The Maxwell equation implies
where the integration constant q is proportional to the electric charge. The electric and magnetic charges are given by
The scalar equation of motion is then given by
The Einstein equations of motion can be given in terms of the combinations
The last equation above can be integrated, yielding
where µ is an integration constant associated with non-extremality. Setting µ = 0 yields the extremal solution with
(Dyonic solutions were also investigated in [15] in a different but equivalent parameterization of the metric. This included a relation implied by extremality that is equivalent to our equation (2.9).)
Special exact solutions
In the previous section, we obtained the equations of the EMD theory for static and spherically-symmetric black holes carrying both electric and magnetic charges. The general solutions are unknown; however, many special classes of the solutions are known and we present them in this section.
Purely electric or purely magnetic solutions
The metrics of either purely electrically-charged or magnetically-charged black holes take the same form. In the coordinate choice of [16, 17] , they are given by
with the matter fields given by electric :
where c = cosh δ and s = sinh δ. The horizon is located at r 0 = µ and the extensive thermodynamic quantities are
The extremal limit corresponds to taking µ → 0, and δ → ∞ while keeping q or p fixed.
Under this limit, we have
These extremal black holes with N = 2, 3 and 4 can be viewed as bound states with zero threshold energy [18] .
Known dyonic solutions
The EMD theory admits a class of dyonic black holes with constant dilaton φ 0 . The solution is given by
Note that this solution has constant φ and hence we can make a constant shift of φ by φ 0 and obtain the RN-like black hole with equal electric and magnetic charges. In particular,
in the extremal limit, we have
The mass and charges are related by M = 2 √ 2Q = 2 √ 2P .
In this paper, however, we are interested in solutions with a running dilaton such that φ → 0 asymptotically at infinity. Explicit solutions are unknown for generic values of a.
For the dilaton coupling constant a taking the values a = 0, 1 or √ 3, exact solutions for dyonic black holes are known. The a = 0 case yields the RN dyonic black hole:
The solution has mass M and electric and magnetic charges Q = 1 4 q and P = 1 4 p, respectively. In the extremal limit, we have
(3.9)
To be precise, the dilaton is not running in this solution.
For a = 1, the dyonic black solution is
where c i = cosh δ i and s i = sinh δ i . The solution contains three independent integration constants (µ, δ 1 , δ 2 ), parameterizing the mass, electric and magnetic charges
The solution describes a black hole whose horizon is located at r 0 = µ, and the corresponding Bekenstein-Hawking entropy is
In the extremal limit, where µ → 0 and δ → ∞, while keeping (Q, P ) fixed, the mass and entropy are related to Q and P by
It should be pointed out that the embedding of the a = 1 EMD theory in supergravities requires F ∧ F = 0. Thus the dyonic solution presented here is not a supergravity solution.
The a = √ 3 dyonic black hole was constructed in [9, 10] . In this paper, we present the solution in a form where the integration constants are (µ, δ 1 , δ 2 ), as in the previous exam-ples. Following the notation of [19] and making the reparameterization for the integration constants
, (3.14)
we find that the solution becomes
This solution describes a black hole whose horizon is located at r 0 = µ. The mass, electric and magnetic charges, and entropy are given by
In this parameterization, (δ 1 , δ 2 ) are two independent constants. The special cases of δ 2 = 0 or δ 1 = 0 lead to purely electric or purely magnetic black holes, respectively. The extremal limit corresponds to taking µ → and δ i → ∞, while keeping the charges (Q, P ) fixed.
Specifically, we introduces i , 17) and let → 0, under which c i → s i . We obtain
Thus the mass and entropy for the extremal dyonic black hole are
4 Approximate solutions of extremal dyonic black holes
In this section, we consider extremal dyonic black holes for the EMD theory with a generic value of the dilaton coupling constant a. The extremality condition is given by (2.9), and thus the solution takes the form
The remaining two functions h and φ satisfy
together with the first-order constraint
Approximate solutions
Exact solutions for generic dilaton coupling a are unknown except for the case with a constant dilaton. In particular, if we insist that φ vanish asymptotically at infinity, then in the constant-dilaton case it vanishes everywhere and the corresponding solution is RN-like with P = Q. In this section, we consider solutions with P = Q, and hence with a running dilaton. We introduce a small parameter , characterising the deviation away from P = Q, by writing
Note that this implies that we have
for extremal dyonic black holes. When = 0, we have P = Q and the exact solution is known, given by (3.7). In this section, we consider solutions with small as a perturbation from (3.7). Namely, we write the solutions for h and φ as
We solve the equations order by order in for h n and φ n . We then find that at each order, the solutions can be obtained analytically, and are given by
where we have expressed the dilaton coupling a and the radial coordinate r in the form
The x coordinate runs from 0 to 1, as the radial coordinate r runs from the horizon at r = r 0 to asymptotic infinity. Note that the solutions have no branch cut singularities in the cases where k is taken to be an integer. In deriving the above solutions, we restricted the integration constants by imposing the following criteria: (1) the quantity h/x 2 is regular on the horizon; (2) h/x 2 is set to one as x → 1; (3) φ is of order on the horizon and vanishes asymptotically as x → 1. The solution is then completely fixed at each order by these criteria. In appendix A we present the results for (h/x 2 ) and φ up to and including order 10 and 9 , respectively.
It is clear that the solution is well defined from the horizon at x = 0 to asymptotic infinity at x = 1, which describes an extremal black hole for each k. The ADM mass is given by The electric and magnetic potentials Φ q and Φ p are presented explicitly, as power series in , in appendix A. It can now be verified, up to the order of 10 , that the first law of extremal black hole thermodynamics is satisfied, namely
Mass-charge relation
Having obtained the mass (4.9) and charges (4.4) in terms of r 0 and the small parameter , we can test the validity of the mass relation (1.3) that was conjectured by Rasheed, order by order in powers of . We find that
Thus we see that unless k = 0, 1, 2, corresponding to a = 0, a = 1 or a = √ 3, the conjectured relation is violated at the order 2 .
We have not succeeded in finding an exact mass-charge relation, based on the data from our approximate solutions. However, we can improve on the conjecture by Rasheed, and thus we may consider the mass-charge relation
As in the case of the Rasheed conjecture (1.3), the above relation works exactly for all (P, Q) when k = 0, 1, 2. It also works for general k, in the special cases of P = 0, Q = 0, or P = Q. For P = Q, but with small, we find that the left-hand side of (4.12) is given by
Thus we see that the relation (4.12) captures the mass-charge relation up to order 4 , improving upon the Rasheed conjecture (1.3) which already fails at order 2 .
We can, of course, simply view the expression (4.9), which gives the mass as a power series in , as a mass-charge relation that is valid up to order 10 . Thus, from (4.4), we have
14)
The mass formula (4.9) therefore becomes
with the expansion on the right-hand side involving a function purely of P and Q.
It is noteworthy that in terms of the parameterization (4.4) of P and Q in terms of and r 0 , the exact mass relations (1.2) for the a = 0, 1 and √ 3 extremal black holes become
It is thus tempting to try an ansatz for the mass formula, in the case of general a, of the form
The two constants α and β can be chosen so as to match the terms at orders 2 and 4 in the expansion (4.9), implying that they are given by
Perhaps not surprisingly, the ansatz breaks down at order 6 , with
Of course, this term and all subsequent terms vanish, as they must, in the special cases k = 0, k = 1 and k = 2 for which (4.18) will be exact. Note that for general k, if (4.18) is expressed in terms of P and Q, it becomes
which is a more general function than the rather natural-looking ansatz ( Another option for writing down a mass-charge relation is first to invert the expansion (4.9) for M as a power series in , re-casting it as an expansion for as a power series in
Substituting this expansion into cosh a , which is equal to (P 2 + Q 2 )/(2P Q), we find
This provides a mass-charge equation relating M , P and Q that is valid up to, but not including, order 12 . Although this form (4.23) of the mass-charge relation is somewhat less convenient than (4.16), which directly gives an expression for M as a function of P and Q, it does seem that the coefficients in the expansion are rather simpler in (4.23).
We can use numerical methods in order to compare the accuracy of the various approximate mass formulae in the cases where Q and P are no longer close to one another.
Our numerical approach for constructing the extremal dyonic black holes is discussed in Appendix B. Focusing on the case of k = 3 (i.e. a = √ 6) as an example, we compare the three mass formulae (1.3), (4.12) and (4.23) with the actual mass obtained from the numerical calculations. The results are plotted in Fig. 1 . In this plot we fix P Q = 1/8, so that the horizon radius is r 0 = 1. We plot the difference (M − m)/(M + m) as a function of log(P/Q) where M is obtained from the approximate mass formulae and m is obtained from the numerical calculations. We also obtained the analogous result for the a = √ 10 case. We can see from the plots that although Rasheed's mass formula and our mass formula (4.12) are approximate, they both capture the mass-charge relation quite accurately. . In this plot, we fix P Q = 1/8, corresponding to a horizon radius r 0 = 1. The dashed line is from the Rasheed formula, the continuous line is for our new formula (4.12); the dotted line for (4.23). Thus for | log(P/Q)| < 2, the mass formula (4.23) is much better, but it quickly diverges from the true mass as | log(P/Q)| increases, with a radius of convergence of about 2. Our new formula (4.12) is better than Rasheed's at small x, but is not as good as x increases. However, overall our expression (4.12) appears to improve upon Rasheed's in fitting the actual data. The maximum error in our formula is about 0.6%, whilst Rasheed's is about 0.9%. We also obtained similar results for the case a = √ 10.
Entropy super-additivity and sub-additivity
As we discussed in the introduction, entropy super-additivity is a property exhibited by many black holes, although the dyonic black hole in the a = √ 3 EMD theory provides a counter-example [14] . Since the dyonic black holes in a = 0 and a = 1 EMD theory do, on the other hand, obey the super-additivity property, it is therefore of interest to study for general values of the dilaton coupling a.
For a static black hole with mass M and electric and magnetic charges Q and P , the entropy must be a function of these quantities,
We now consider the splitting of the black hole into two black holes with masses and charges (M 1 , Q 1 , P 1 ) and (M 2 , Q 2 , P 2 ), with
and we consider the quantity
The splitting of the black hole is the inverse of the joining of the two black holes, and the entropy is super-additive if ∆S > 0, and sub-additive if ∆S < 0.
Our goal in this section is to study ∆S in cases where a non-trivial dyonic black hole with Q = P is involved, and in the earlier sections we have obtained approximate results for such black holes in the case of the extremal limit. Thus here, we shall investigate the entropy additivity property for the splitting of an extremal dyonic black hole with mass M and electric and magnetic charges (Q, P ) into two black holes where one is purely electric, with mass M 1 and charge (Q, 0), and the other is purely magnetic, with mass M 2 and charge (0, P ). These purely electric and magnetic black holes are not necessarily extremal.
Since we require M = M 1 + M 2 , and since M 1 and M 2 are bounded below by the masses M 1 (Q, 0) ext and M 2 (0, P ) ext of the extremal black holes with these charges,
it follows that we must have
The dyonic black holes satisfying this condition have been referred to as "black hole bombs" [20, 21] . They are closely related to the SL(3, R)-Toda system and can be generalized to SL(n, R)-Toda black holes [22] .
In the following subsections, we shall study ∆S as a function of the dilaton coupling a in two situations; in one, Q and P will be held fixed, whilst in the other we shall hold the entropy S = 8πP Q of the extremal dyonic black hole fixed, and look at ∆S as the ratio P/Q is allowed to vary.
Fixed P and Q
We shall first study the simple case where Q = P , for which the mass of the extremal dyonic black hole is known exactly (see section 3.2, under eqn (3.7)):
The masses M 1 = M 1 (Q, 0) and M 2 = M 2 (0, Q) of the purely electric and purely magnetic black holes must satisfy
Note that from the inequality between the left-most and right-most terms in this expression,
we can immediately deduce that we must have a ≥ We now turn to an example where Q and P are unequal. For generic values of a, this means that we must resort to numerical methods to construct the extremal dyonic solution.
We shall consider the example where Q = 3 and P = 1. In this case, the purely electric and magnetic solutions are With these data, we can calculate ∆S as a function of M 1 , which runs from M ext
The result is presented in the right-hand graph in Fig. 2 . The general picture that emerges from these examples is that in this region of parameter space the entropy is super-additive for small values of a 2 , but it tends to become sub-additive for larger values of a 2 .
Fixed S P,Q = 8πP Q
Here, we study the super-additivity of the entropy for the splitting an extremal dyonic black hole into an extremal magnetically-charged black hole and a non-extremal electricallycharged black hole. We look at ∆S as a function of the ratio P/Q while holding the entropy of the extremal dyonic black hole fixed. In particular we shall consider a horizon radius r 0 = 1 for the extremal dyonic black hole. In other words, it will have S = π and P Q = 1/8.
Since the entropy S ext P for the extremal magnetically-charged black hole vanishes, we shall have
(5.10)
We obtain and plot the results, again for the cases a 2 = 3, 6 and 10, in Fig. 3 . The result for a 2 = 3 can be obtained analytically. For the cases a 2 = 6 and a 2 = 10, we have used the numerical solutions to find the mass.
First, we note that for large P/Q, the quantity ∆S is positive and hence the entropy is super-additive. As P/Q decreases, ∆S becomes negative, and so the entropy becomes sub-additive. Interestingly, in the limit P/Q → 0, the quantity ∆S approaches a negative constant that depends on a. Assuming this conclusion is in general true for the a 2 ≥ 1 cases, we can derive some useful information about the mass of the dyonic black hole as P/Q → 0. It is evident that at leading order, the mass in this limit is given by √ N Q. We The entropy difference for splitting a dyonic black hole to an extremal magnetic black hole and a non-extremal electric black hole. The electric and magnetic charges satisfy QP = 1/8. The entropy is super-additive for sufficiently large P/Q and becomes subadditive as P/Q decreases. Note that for all the a 2 = 3, 6 and 10 cases, the extremal dyonic black hole can be viewed as a black hole bomb, satisfying (5.5).
postulate that the sub-leading order is given by
Here (δ, γ) are constants that at present we are unable to determine for the case of a generic dilaton coupling constant a. After the dyonic black hole is split into purely electric and purely magnetic black holes, only the non-extremal electric black hole has an entropy. The mass of the electric black hole is
Assuming that δ < 1, it then follows from (3.4) that at leading order the entropy is given
Since P Q is fixed, for this leading-order quantity to be constant we must have
(5.14)
Note that δ ≤ 1 for a 2 ≥ 1, thus the result is applicable for a 2 > 1. Then, at leading order as P/Q → 0, ∆S is given by
For the special case a 2 = 3, we have δ = 2/3 and γ = 3/2, and hence c = 2. This is consistent with the a = √ 3 result in Fig. 3 . For general a > 1, we have determined δ by this method, but the coefficient γ cannot be determined generically. The plots indicates that the constant c is bigger than 1 and it increases as a increases.
Conclusions
In this paper, we have studied the extremal static dyonic solutions of the four-dimensional
Einstein-Maxwell-Dilaton theory for generic values of the dilaton coupling a. Except in the special cases a = 0, a = 1 and a = √ 3, where the explicit solutions can be constructed, it is necessary to use approximation techniques or numerical methods in order to study the solutions.
Our method for constructing approximate solutions is based on the observation that one can solve the equations explicitly, for any value of a, in the special case when the electric charge Q and the magnetic charge P are equal. (The dilaton becomes constant in this case, and the solution is just an extremal Reissner-Nordström Q = P dyonic black hole.) We then construct the solution, in terms of series expansions in powers of the small parameter = a −1 log(Q/P ), in the regime where the ratio Q/P is close to unity.
One of our reasons for studying this problem is that there is a long-standing conjecture by Rasheed [11] , dating back to 1995, for a possible expression for the mass of the extremal dyonic black hole as a function of the electric and magnetic charges and the dilaton coupling a. The power-series solutions that we obtain for Q/P close to unity are sufficient to be able to demonstrate that the conjectured mass formula in [11] fails, at order 2 , when a is not equal to one of the three values mentioned above for which the exact dyonic solutions are known. We were able to show, however, by means of a numerical construction of the dyonic solutions, that the conjectured mass formula is a reasonably good approximation even as one moves away from the Q ∼ P regime of our power-series solutions. We have also made some somewhat improved conjectures for mass formulae, which work up to higher orders in , but again, they are only approximations. However, our findings from the numerical construction of the dyonic black hole solutions suggest that both the Rasheed formula (1.3) and our formula (4.12) capture the essence of the mass-charge relation for extremal dyonic black holes quite accurately, even when Q/P is far away from unity.
Our perturbative construction of the extremal dyonic black hole solutions made use of the fact that we know the exact solution, for all a, when Q = P , and so we could expand around this solution in terms of the small parameter = a −1 log(Q/P ). Of course, we also know the exact solution when P = 0 or Q = 0, and one might wonder whether this could provide another starting point for obtaining a solution as a perturbative expansion valid for very large P/Q or Q/P . However, this does not seem to be a promising option.
The problem is that no matter how large or small Q/P is, as long as Q and P are both non-zero the near-horizon geometry of the extremal black hole is of the form AdS 2 × S 2 . By contrast, the horizon is singular for an extremal black hole carrying purely electric or purely magnetic charge (except in the case a = 0). Thus the starting point for such a perturbative expansion would be singular. It is interesting, nevertheless, that our numerical construction of the black hole solutions led us to a mass formula of the form (5.11) for a nearly electric extremal black hole, with δ given by (5.14).
The other main topic in this paper has been the study of the circumstances under which the property of super-additivity of the entropy of the dyonic black holes is satisfied. This property, defined in our discussion in the introduction, has been found to be satisfied by many classes of black hole solutions. But already, in [14] , it was observed that it could be violated in certain regimes for dyonic a = √ 3 EMD black holes. Our findings in this paper extend this observation further, and indicate that entropy super-additivity can be violated in certain parameter regimes for all the dyonic EMD black holes with larger values of a.
All the examples where entropy super-additivity fails are associated with the situation where a "black-hole bomb" can occur, of the kind discussed for a = √ 3 extremal dyonic black holes in [20, 21] . Namely, these are situations where the mass of an extremal dyonic black hole is greater than the sums of the masses of separated pure electric and pure magnetic black holes of the same total charge, as in (5.5) . This can happen, as we saw, when the dilaton coupling a is such that a 2 > 1.
In [14] , the relation between Hawking's black hole area theorem and entropy superadditivity was discussed. The area theorem asserts that, subject to cosmic censorship, the area (or entropy) of the horizon of a black hole final state formed from the coalescence of two black holes cannot be less than the sum of the two original horizon areas (or entropies).
The area theorem would then imply entropy super-additivity [14] . However, an important distinction is that the area theorem is only applicable in cases where the coalescence of the black holes is physically possible. As discussed in [12] for the a = √ 3 dyonic black hole, if a static dyonic black hole separated into a pure electric and a pure magnetic black hole, there would be an angular momentum proportional to QP and so the decay to purely static constituents would seem to be ruled out by angular momentum conservation. Thus the breakdown of entropy super-additivity that we have seen in cases where a 2 > 1 in this paper need not be in conflict with the Hawking area theorem.
An intriguing point, worthy of further investigation, is that one can seemingly sidestep the complication of angular momentum in the electromagnetic field of a decomposed dyonic black hole by considering a slight modification of the original EMD theory (1.1), in which a second electromagnetic field is introduced, with the Lagrangian
This theory admits black hole solutions where F 1 and F 2 carry electric charges Q 1 and Q 2 that are essentially identical to the dyonic solutions of the EMD theory (1.1), where the EMD charges are Q = Q 1 and P = Q 2 [23] . One then has all the same features of the occurrence of black-hole bomb solutions for a 2 > 1, and violations of entropy super-additivity, as we saw earlier in the EMD theory. Now, however, there is no angular momentum in the electromagnetic field(s) for separated component black holes, and so the argument in [12] that could have ruled out the dyon decay process no longer applies. It would be interesting to investigate this further, to see how the occurrence of entropy sub-additivity could be compatible with the Hawking area theorem for the black holes in this theory. 
B Numerical procedure
In this appendix, we describe our numerical procedure for constructing the extremal dyonic black holes in the EMD theory. The equations of motion for the extremal case are reduced to (4.2) and (4.3). In order to perform the numerical calculations, we need to set up the boundary data. Since the equations become singular on the horizon itself, we choose to set the integration boundary data slightly outside the horizon. Assuming that the horizon is at r 0 , for given p and q, we can obtain the near-horizon solution analytically by means of power expansions in (r − r 0 ). By working to sufficiently high order in powers of (r − r 0 ), this approximate solution allows us to set initial data for the numerical integration of the system from near horizon to asymptotic infinity and to achieve the desired degree of numerical accuracy. From the resulting numerical solution we can then read off the asymptotic data such as, in particular, the mass of the extremal dyonic black hole.
The charge parameters are given by In other words, for extremal dyonic black holes, the solution is specified by the electric and magnetic charges, which are related to the horizon radius r 0 and the value φ 0 = φ(r 0 ) of the dilaton φ(r) on the horizon. The entropy is given by S = πr 2 0 . With the dilaton coupling constant a parameterized by (4.8), we find that the leading order of the nearhorizon expansion is
In this paper, we shall focus on the cases where k is integer, so that the series expansion is
